We theoretically investigate the mechanism to generate large intrinsic spin Hall effect in iridates or more broadly in 5d transition metal oxides with strong spin-orbit coupling. We demonstrate such a possibility by taking the example of orthorhombic perovskite iridate with nonsymmorphic lattice symmetry, SrIrO3, which is a three-dimensional semimetal with nodal line spectrum. It is shown that large intrinsic spin Hall effect arises in this system via the spin-Berry curvature originating from the nearly degenerate electronic spectra surrounding the nodal line. This effect exists even when the nodal line is gently gapped out, due to the persistent nearly degenerate electronic structure, suggesting a distinct robustness. The magnitude of the spin Hall conductivity is shown to be comparable to the best known example such as doped topological insulators and the biggest in any transition metal oxides. To gain further insight, we compute the intrinsic spin Hall conductivity in both of the bulk and thin film systems. We find that the geometric confinement in thin films leads to significant modifications of the electronic states, leading to even bigger spin Hall conductivity in certain cases. We compare our findings with the recent experimental report on the discovery of large spin Hall effect in SrIrO3 thin films.
I. INTRODUCTION
Relativistic spin-orbit coupling (SOC), once relegated to the annals of atomic physics, has become prevalent in modern condensed matter physics. The spin Hall effect, 1 as well as its once-contentious cousin the anomalous Hall effect, 2 are examples of phenomena that are deeply rooted in the physics of SOC. In the spin Hall effect (SHE), an unpolarized electron charge current passing through a material which possesses strong SOC gives rise to a purely spin polarized current in the transverse direction; the inverse spin Hall effect (ISHE) is, as the name suggests, the inverse process where a pure spin current gives rise to a transverse charge current.
1,3-6
The SHE can be broadly classified under two regimes: intrinsic (which is dependent solely on band topology and SOC) and extrinsic (where impurity scattering is key).
1,7
A common figure of merit used to examine the efficiency of the spin/charge current conversion is the spin Hall angle: θ SH = σ SH /σ, where σ SH and σ are the respective spin-Hall and charge conductivities. 8 Large SHE has primarily been predicted and/or observed in heavy elemental metals (that possess large SOC) such as Pt,
9-15
Au 9,10,16 (although the origin of the observed large SHE in Au 17 is still under debate [18] [19] [20] , and Pd. 9, 10, 21 More recently, there have also been suggestions of large SHE in topological insulators from spin-torque measurements in topological insulator Bi 2 Se 3 22 and Cr-doped Bi 2 Se 3 thin films. 23 However, despite these two classes of materials demonstrating such large SHEs, they do have their respective drawbacks: the large charge conductivity of the heavy metals hinders their efficiency as spin current detectors (since the spin Hall resistivity, a figure of merit for spin detection, is proportional 24 to σ SH /σ 2 ), and the coupling of magnetic layers to topological insulator thin films once again forms a bottleneck for the spin current generation efficiency. 22 In an attempt to achieve a large spin Hall angle with better efficiency, a new class of 5d transition metal oxides has recently been investigated. 24 These materials not only have large SOC (due to the 5d nature of the conduction bands) but are also useful due to their tunability of their physical properties via their magnetic ordering and/or correlation effects. [25] [26] [27] Moreover, the emergent semimetallic nature of numerous types of iridates [26] [27] [28] [29] [30] [31] provides hope that the spin Hall angle for the iridates will be superior to that of the heavy elemental metals, due to semimetals' relatively smaller charge conductivity.
In this work, we theoretically investigate the intrinsic spin Hall effect in orthorhombic perovskite SrIrO 3 , which is a 5d transition metal oxide with strong SOC. Our work is motivated by recent experimental work on SrIrO 3 thin films, where one of the largest ever recorded spin Hall conductivity was measured. 32 Interestingly, SrIrO 3 possesses a topological nodal line (a loop of band crossings) that is protected by nonsymmorphic symmetries. 28, 29, [33] [34] [35] [36] [37] As shown later, the persistent nearly degenerate electronic structure near the nodal line plays an important role in the SHE in SrIrO 3 . We study the SHE in the framework of linear response theory, focusing on both the bulk system as well as thin film configurations to enable comparison with experiment. In both cases, we compute the spin Hall conductivity by utilizing the j eff = 1/2 tight binding model constructed from ab initio studies of SrIrO 3 .
28, 29 For the bulk system, we also consider the impact of breaking various nonsymmorphic symmetries of the Pbnm space group on the spin Hall conductivity. In this way, we are able to study the robustness of the spin Hall conductivity to a variety of symmetry breaking perturbations. Finally, we consider (010) c thin film of SrIrO 3 , where pseudo-cubic coordinate system is used to describe the thin film direction, which enables a more direct connection to the recent experimental work.
Our computations predict the spin Hall conductivity in the bulk system to be remarkably large [σ bulk SH ∼ 10 4 ( /e)(Ωm) −1 ], comparable to the spin Hall conductivity in the heavy elemental metal family. Moreover, we demonstrate that the bulk spin Hall conductivity is robust and stable despite the introduction of various symmetry breaking terms, as well as lifting of the gapless nodal line, due to the persisting nearly degenerate electronic spectra. Our thin film calculations predict a large film spin Hall conductivity [σ film SH ∼ 10 4 ( /e)(Ωm) −1 ] in the configuration corresponding to the experiment, which is at least one order of magnitude greater than the same configuration in the bulk system. We attribute this surprising enhancement to the significant modification of the bulk-like eigenstates in the film (due to the restricted geometry breaking certain lattice symmetries). The enormity of the spin Hall conductivity predicted in this study for both the bulk and thin film systems, as well as the robustness of their response, promises a bright and exciting future for the family of 5d transition metal oxides in the field of spintronics.
The rest of the paper is organized as follows. In Sec. II, we describe the important properties of the tight binding Hamiltonian (including the P bnm space group that it belongs to), as well as the key features in the band structure. In Sec. III, we present the Kubo formula used to compute the spin Hall conductivity, and the spin Hall conductivity as a function of the Fermi level for different directions. We also elucidate on which regions contribute the most to the spin Hall conductivity, to explain the unexpectedly large values, and discuss the role of the nodal line in the spin Hall conductivity. In Sec. IV, we incorporate various types of symmetry breaking terms into our bulk model calculation, and study the reasons for the small (less than order of magnitude) change despite the introduction of these terms. In Sec. V, we examine the spin Hall conductivity in the (010) c thin film configuration. Lastly, in Sec. VI, we summarize our results and discuss their relevance, as well as provide direction for future work.
II. MODEL HAMILTONIAN
We employ the tight-binding model constructed in Refs. 28 and 29 to describe the electronic structure of SrIrO 3 . Due to the significant tilting and rotation of oxygen octahedra, the system has the orthorhombic perovskite crystal structure with four Ir sublattices and P bnm nonsymmorphic space group (Fig. 1) . In the basis of the j eff = 1/2 states for Ir 4+ electrons, the model incorporates various electron hopping channels allowed in the orthorhombic perovskite SrIrO 3 with the following form of Hamiltonian.
T are electron operators with the subscripts referring to the Ir sublattice (1, 2, 3, 4) and j eff = 1/2 pseudo-spin (↑, ↓), and TABLE I. P bnm space group symmetry and remaining symmetries in various symmetry-broken systems. In the second column, the symmetry operations are defined by the transformation rules of the position vector (R = aâ+bb+cĉ → R = a â+b b +c ĉ). The last four columns represent the remaining symmetries in the symmetry-broken bulk systems (Sec. IV) and (010)c thin film (Sec. V) with checkmarks. The P bnm space group symmetry, discussed above, dictates the relations between the components of the spin Hall conductivity tensor, as well as protects various features of the band structure. To aid in the discussion to follow in the upcoming sections, we present in Table  I a summary of the P bnm space group, as well as the remaining symmetries in various symmetry-broken bulk systems (Sec. IV) and thin film (Sec. V). Figure 1 depicts the electron band structure of the system at the particular k b = π plane (R-U-X-S) in the Brillouin zone. There are four doubly degenerate bands on account of four sublattices and Kramers degeneracy. One remarkable feature is the band crossing occurring along a ring about the U point. 28, 29 This "nodal ring" is quite small, but protected by nonsymmorphic symmetries compatible with the k b = π plane. 33 Another interesting point is the "near-degeneracy" of the four bands found at the k b = π plane and k a = π plane (T-R-S-Y) as highlighted by cyan in Fig. 3 . It must be noted both features appear by spin-dependent electron hopping in the system. Interestingly, the nearly degenerate structure and the size of the nodal ring are correlated and controlled by the same hopping parameter t that the ring appears concurrently with the presence of the nearly degenerate structure (provided the necessary nodal ring symmetry is intact). Even when the ring is gently gapped out (as will be seen) the nearly degenerate structure is preserved. Such a correlated structure, however, will eventually be suppressed by a large perturbation which may significantly modify the underlying band structure.
A. Symmetry-Protected Nodal Line
Before we move on to the next section, we briefly review the mechanism of the symmetry-protected nodal line 33 for self-containedness in our discussions. The nodal line band crossing (or nodal ring) occurs by the interplay of the three nonsymmorphic symmetries, n-glide plane (G n ), b-glide plane (G b ), and a-screw axis (S a ), and its symmetry protection can be understood by investigating the little group of the Hamiltonian matrix H k . First, we specify the little group for the k b = π plane where the nodal line appears. Under a space group symmetry operation, Bloch states (momentum eigenstates) generally move from a k point to another in the Brillouin zone unless the operation is a pure translation. Nevertheless, at high symmetry points of the Brillouin zone, the momentum of Bloch states can be invariant under certain symmetry operations. Such symmetry operations define the little group of H k at a given high symmetry point. In the case of the P bnm space group, the entire k b = π plane is invariant under G n . Moreover, high symmetry points on that plane such as the U point and RS and SX lines have further little group elements (G b and/or S a ) as summarized in Table II . One can check this from the transformation rules of electron operators:
where σ, µ, τ represent Pauli matrices acting on spin and sublattice degrees of freedom (see Appendix A for the definitions). Using these transformation rules, one can show that G
(where T r represents a translation by a lattice vector r, and the minus sign in each case arises due to a 2π-rotation of j eff = 1/2 spin). This tells us the eigenvalues of
for G b , and a ± ≡ ±ie ika/2 for S a . Here it is important to notice that G n (= n ± ) serves as a good quantum number to specify Bloch states over the whole k b = π plane. Now we consider the commutation relations of the little group elements listed in Table II . By using Eq. 2, we can find the commutation relations for the U point and RS and SX lines as follows.
The anti-commutation relations impose constraints on electron band structure: energy levels at the high symmetry point and lines must be at least fourfold-degenerate due to the anti-commutativeness and the Kramers degeneracy. The minimal fourfold degeneracy is actually observed in the band structure shown in Fig. 3 (two fourfold-degenerate bands at the U point and along the RS and XS lines).
More importantly, the anti-commutation relations determine the G n -eigenvalue structure within each fourfolddegenerate energy level. As illustrated in Fig. 2 , the two levels at the U point are characterized by the different eigenvalues: n + for the upper and n − for the lower. The upper level consists of four states {|n + , a + , |n + , a − , Θ|n + , a + , Θ|n + , a − } which are simultaneous eigenstates of G n and S a . Here Θ is the product of timereversal and spatial-inversion, and it satisfies [Θ, G n ] = 0. These states form a four dimensional representation with the little group structure stated in Eq. 3. In this representation, both a + and a − eigenstates are required by the relation {G b , S a } = 0; under the G b operation, a + state is mapped into a − state and vice versa (|a + G b ↔ |a − ). Similarly, the lower level is formed by four states {|n − , a + , |n − , a − , Θ|n − , a + , Θ|n − , a − } which realize another four dimensional representation of the little group. However, there is no symmetry requirement that n + and n − eigenstates must coexist in each of the two energy levels at the U point.
Along the SX line, each level comprises four states {|n + , |n − , Θ|n + , Θ|n − } due to the relation
Here we stress that both n + and n − eigenstate appear in each level, in contrast to the case at the U point. This means that there must be G n -partner exchange between the upper and lower levels and thereby band crossing between the two bands involved in the partner exchange, along any path from the U point to the SX line (see Fig. 2 ). Similar argument works for any path connecting the U point with the RS line, in which case the relation {G n , G b } = 0 leads to the coexistence of n + and n − states in each of two energy levels. Consequently, band crossing occurs along a ring centered around the U point, and the nodal ring is protected so long as the nonsymmorphic symmetries {G n ,G b ,S a } are preserved in the system.
Although breaking of the n-glide symmetry gaps out the nodal ring, the presence of additional nonsymmorphic symmetries can tune the nodal ring into Weyl or Dirac point nodes. 29, 38 This situation occurs when the n-glide and m symmetries are broken while preserving the b-glide symmetry. To completely gap out the nodal ring at all points, requires both the n-glide and b-glide symmetries to be broken. In the next sections, we discuss the spin Hall effect in the bulk and film systems.
III. SPIN HALL EFFECT IN BULK SYSTEM
Intrinsic spin Hall effect in SrIrO 3 is investigated with a linear response theory. We compute the spin Hall conductivity (SHC) tensor σ ρ µν using the Kubo formula: 1,12 It is the spin-Berry curvature that generates the transverse spin current as an intrinsic effect of electron band structure (analogous to the Berry curvature in anomalous Hall effect). However, in contrast to the anomalous Hall effect, the spin Hall conductivity is even under time reversal, and so the spin Hall effect does not require time reversal to be broken. In our calculations, the configuration {ρ, µ, ν} representing the spin Hall effect geometry is specified using the pseudo-cubic axes {x = (a−b)/2, y = (a+b)/2, z = c/2} rather than the orthorhombic lattice vectors {a, b, c}. By employing the pseudo-cubic axes, it enables easier visualization of the symmetry transformations of the spin Hall conductivity tensor. In Table III , we present the correspondence between the pseudo-cubic and orthorhombic axes. We present the spin Hall conductivity σ 
Our results show that the system exhibits large spin Hall response when the spin current is induced along the z axis (σ y zx and σ y zy in Fig. 3) . Keeping the spin current direction along the z axis, we change the applied electric field direction to investigate the field direction dependence of spin Hall conductivity. Specifically, we consider the following configuration.
Here, the field direction (ν) is changed within the xy plane by the angle θ from the x axis with keeping the three directions {ρ, µ, ν} orthogonal. In this setting, by the nonsymmorphic symmetries, the spin Hall conductivity is simply a combination of σ 
As described in Fig. 6 , the spin Hall conductivity drastically changes around the zero Fermi energy as the field direction varies. The largest magnitude of spin Hall conductivity occurs when θ = 45
• and θ = 135 Fig. 6 ) can be used to experimentally probe the presence of the nonsymmorphic symmetries in the system. The sinusoidal behavior described in Eq. 6 is dictated by the Pbnm nonsymmorphic symmetries regardless of the details of the Hamiltonian. 
C. Role of Nodal Ring in Bulk SHC
Now we examine the spin-Berry curvature contained in the nodal ring band structure and its contribution to the bulk SHC. Fig. 7 depicts the spin-Berry curvature of the nodal ring band structure. High intensity spin-Berry curvature is found near the nodal ring band crossing. Moreover, the sign of the spin-Berry curvature changes across the nodal ring in the k b = π plane (such signchanging behavior of high intensity spin-Berry curvature across band crossing points has also been found in recent ab initio studies on Weyl semimetals 39 ). One interesting feature here is that the spin-Berry curvature is nonzero only at the k b = π plane, and it immediately vanishes off the plane.
Although the nodal ring structure generates high intensity of spin-Berry curvature (near the ring), its net contribution to the total bulk SHC is quite small due to the massive cancellation between the opposite signs of the spin-Berry curvature in the k b = π plane. We directly examine this large cancellation by focusing on the nodal ring's isolated contributions (i.e., from the k-points in the rectangular region just-enclosing the nodal ring in the k b = π plane). For the three configurations, σ y zx , σ y zy and σ x xz , the isolated contribution (weighted by the entire Brillouin zone contribution) of the nodal ring is 6%, 0.7%, and 0.03% respectively for F = 0 eV, and 7%, 2%, and 0.01% respectively for F = −0.1 eV. Furthermore, we also investigated the impact of the size of the nodal ring (controlled by the spin-dependent hopping parameter t o d ) on the SHC. Our computations determined that despite the size of the nodal ring increasing by two-fold, four-fold or even six-fold, the change in the SHC is very small and not substantial (order of magnitude remains the same). This suggests that any contributions arising from and about the the nodal ring are promptly cancelled, resulting in its benign contribution to the SHC.
IV. IMPACT OF BREAKING NONSYMMORPHIC SYMMETRIES ON BULK SHC
In a realistic system, it is highly probable (and likely) that one or many of nonsymmorphic symmetries can be broken. The breaking of these symmetries (such as the glide symmetries) can be the result of growth defects, impurities, or external strain/pressure on the bulk. This can lead to, depending on which symmetry is broken, the lifting of degeneracy at certain high symmetry locations in the Brillouin zone or (even more drastically) the removal of certain topological features in the band structure like the nodal ring. In fact, the gapping of the nodal ring is not a rare occurrence in thin film configurations of SrIrO 3 as has been observed through ARPES studies on epitaxial thin films, 40 as well as in epitaxially strained thin films. 38 One way to incorporate such a broken symmetry is a perturbation term in the bulk model:
This term preserves the inversion, time-reversal, and mirror symmetries. However, it breaks the b-glide and n-glide symmetries, and so it meets the required criterion to completely gap out the nodal ring. This can be seen by the commutation of h gap and the symmetry operators (Eq. 2 and Eq. B1 in Appendix B). Moreover, this term involves the in-plane and sublayer degrees of freedom (τ and ν, respectively) and so physically this mimics a possible physical strain on the system that has led to the breaking of these symmetries. The choice of t gap = 0.01eV is at least an order of magnitude smaller than the other energy scales in the system, and thus it acts as a small perturbation. Furthermore, this term introduces a Dirac mass gap of ≈ 40meV, consistent with experimental observations of gapped Dirac points in SrIrO 3 thin films.
40 Fig. 15 in Appendix C depicts the impact of the perturbative term h gap on the band structure (along high symmetry directions U→R and U→X). However, h gap is only one of a myriad of possible symmetry breaking terms that could be introduced, involving again only the in-plane and sublayer degrees of freedom. We limit our possibilities to terms that can modify the band structure in regions of the Brillouin zone that contribute the most to the spin Hall conductivity (highlighted in Fig. 3) ; these are the terms that have the greatest chance in modifying the spin Hall conductivities. In particular, we determined two types of symmetry breaking terms that introduced qualitative changes in the band structure, and thus potentially had the chance to introduce a non-zero change in the spin Hall conductivities:
These terms break n-glide and m symmetries, while preserving b-glide symmetry.
The choice of t xx,xz =0.05eV was taken as it ensured that these terms act as perturbations on the original bulk model, while also creating a qualitative change in the band structure (Figs. 16, 17 in Appendix C). Augmenting the original Hamiltonian with these perturbative terms, we present the spin Hall conductivities of the three configurations for which the system had the greatest response in Fig. 8 .
Interestingly, despite the inclusion of various symmetry breaking perturbative terms, the component σ y zx remains stable and still maintains the large spin Hall conductivity at all the previously noted Fermi levels. This is not altogether surprising as the greatest contributions to this component arise from the nearly degenerate electron band structure (cyan in Fig. 3) . Since the perturbative terms h gap and h xx do not affect the nearly degenerate regions, the spin Hall conductivity magnitude is preserved with the inclusion of these terms. However, there is a small modification, but remains within the same order of magnitude, in the spin Hall conductivity due to h xz . This term marginally changes the band structure in the nearly degenerate regions by only lifting the degeneracy at the band crossing T point. On the other hand, the components σ , the new features have the opposite sign and so diminish the spin Hall conductivity. Nevertheless, the enlargement/diminishment is not substantial and the spin Hall conductivity remains within the same order of magnitude. Hence, the bulk spin Hall conductivity is sta- ble and robust to the introduction of various symmetry breaking terms (other symmetry breaking terms further support this conclusion).
V. SPIN HALL EFFECT IN THIN FILM SYSTEM
Now we turn our attention to thin film systems of SrIrO 3 . Recent experiments 32 discovered that SrIrO 3 thin films exhibit surprisingly large spin Hall conduc-
, which is about one order of magnitude larger than values predicted for the bulk system. The experimental film samples were grown along the [010] c direction up to a thickness of 20 bulk unit cells. Due to the nature of the experimental setup, only the spin current induced along the [010] c film direction was measured (see Fig. 10 ). This large thin film spin Hall response is unexpected, since our theory for the bulk system predicts rather small responses for the same configuration corresponding to the experiment.
In this section, we study the (010) c thin film system to get an insight into the large enhancement of SHC in the film geometry. The (010) c thin film in our study is described using the bulk tight-binding model H on the slab lattice geometry shown in Fig. 10 (a) . Our calculation results presented below were obtained for the system with 16 layers of Ir sites (8 bulk unit cells along the [010] c direction) which is the largest thickness that allowed us to reach convergence in the SHC calculations within a reasonable amount of time. The finite thickness of the film system leads to the breaking of some of the original bulk symmetries, for instance the n-glide and bglide symmetries as well as the translational symmetry along the [010] c direction (see Table I for the remaining symmetries in the film system). As a consequence of the lower lattice symmetry, the nodal line band crossing of the bulk system is gapped out in the (010) c film [see Fig.  10 (c) ]. Moreover, the film system has a nonuniform electron distribution over the layers of the Ir sites as shown in Fig. 11 (by contrast, the bulk system has a uniform electron distribution over the four sublattices by lattice symmetry). around the zero Fermi energy (see the shaded region in Fig. 12 ). However, in the same configuration, the bulk system shows rather small SHC as shown in the figure (at least one order of magnitude smaller compared to the film SHC). Thus, natural questions to ask are (i) why is the film's spin Hall response so different from the bulk system and (ii) what is the origin of the large spin Hall response in the film. To understand the difference between the film and bulk and the origin of the large SHC in the film, we resolve the SHC in the two dimensional Brillouin zone of the film as shown in Fig. 13 . The upper and lower panels represent the momentum-resolved SHC Ω z yx (k) for the film and bulk systems, respectively; the bulk result was obtained by taking into account the zone folding described in Fig. 10 (b) . The similarities and differences between the film and bulk systems are revealed in the distribution of Ω z yx (k). Firstly at each Fermi energy, overall patterns of Ω z yx (k) in the film and bulk are quite similar to each other. Despite this similarity, significant difference in the magnitude and sign of Ω z yx (k) is observed between the film and bulk, suggesting that electron wave functions in the thin film significantly deviate from wave functions in the corresponding bulk system.
In addition to the modification of electron wave functions, the surface states arising in the film (which are localized around the boundary surfaces) could be another yx (k) in the film system. This supports the idea that the large film SHC is mainly an effect of bulk-like electron states rather than the surface states. The bulk-like electron states are, however, substantially modified from states in the bulk system as indicated by the electron density (Fig. 11 ) and spinBerry curvature distribution (Fig. 13) . The change in the wave functions (and subsequent enhancement of the spin Hall effect in the film geometry) is attributed to the lower lattice symmetry in the thin film system. In the absence of the film direction translation, n-glide, b-glide, and other lattice symmetries, electron wave functions are obviously less constrained as compared to in the original bulk environment.
VI. CONCLUSIONS
In this work, we examined the intrinsic spin Hall effect in both bulk and thin film configurations of SrIrO 3 us- . We attribute the enormity of this response to large extended regions in the Brillouin zone (shaded in Fig. 3) where the band structure is nearly degenerate. We also determined that the bulk spin Hall conductivity is very robust and stable to a number of symmetry breaking terms, provided that the aforementioned nearly degenerate band structure is preserved. Our thin film calculations implicated the modification of the bulk-like wave functions in the thin film to be responsible for enhanced SHE in certain geometries. This thin film consideration is unlike the symmetry-broken-augmented bulk calculations where the symmetry breaking perturbations do not induce as large a change to the electronic states. The nature of the electronic states being a key ingredient in the spin Hall conductivity suggests that further constrained and restricted geometries of SrIrO 3 (where the electronic states can change significantly due to, for example, certain symmetries being decisively broken) can lead to large enhancement of the spin Hall conductivity with respect to the corresponding bulk response. Although this study examines the case of SrIrO 3 , we are hopeful that similar 5d-like iridate materials can also have large spin Hall conductivities. This aspiration is partly rooted in recent experimental work in binary 5d transition metal oxide IrO 2 , where large SHE was demonstrated with high spin current conversion.
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The results from our theoretical calculations seem to agree at least qualitatively with the recent experimental report where large spin Hall conductivity was observed in SrIrO 3 thin films. To enable a more quantitative comparison with experimental spin Hall conductivity measurements, it is important to take into account the effects of the neighbouring ferromagnetic permalloy layer (Py) Fig. 13 , indicate that the large film SHE is mainly an effect by bulk-like states rather than the surface states in the thin film system. on the SHC. Although we provide some early analysis of these effects in Appendix D, we propose taking into account the effects of the Py exchange field on the interface to be an interesting direction for future research.
The coefficients of H k are:
where Here we provide representations of other symmetry operators: inversion (Ī), time-reversal (T ), and mirror reflection (m).
where K means complex conjugation. In the representations of the above equation and Eq. 2, phase factors can vary depending on the gauge choice for the electron operators ψ k . Despite such gauge dependence, phase factors contain important physical information such as the commutation relations in Eq. 3. In the main text, we considered the influence of nonmagnetic perturbations to determine the stability of the spin Hall conductivity. However as discussed in the Sec. VI, a ferromagnetic permalloy, Py, (situated nearby to the SrIrO 3 thin film) has an exchange field that could potentially leak into the SrIrO 3 . The Py plays an important role as it is used in the actual measurement of the spin Hall effect: the spin current which flows into the Py (from the spin Hall effect in SrIrO 3 ) exerts a torque on the magnetic moment causing it to precess. The precession leads to a voltage being generated (via the anisotropic magnetoresistance) in the Py which is measured. Our goal here is to incorporate the effects of the Py's exchange field into our calculations. In order to get an estimate for the strength of the ferromagnetic exchange field, one notes that the exchange stiffness constant in permalloy to be A exchange = 1.3×10
−11 J/m 42 and the lattice constant to be a = 3.55Å. 43 Hence, an estimate of the exchange constant is J exchange ≈ Aa = 0.0288eV . This corresponds to an exchange field of approximately B ex ≈ 490T . It is important to note that since the actual exchange field is localized at the interface, as a simple approximation we simulate its impact as a constant Zeeman field that acts uniformly on the bulk. Moreover, we take the strength of this Zeeman field to be much weaker than the actual exchange field to incorporate the fact that the exchange field is localized at the interface and gets weaker for distances further away from the interface: B Zeeman = 0.01 eV ↔≈ 170T. This Zeeman magnetic field perturbation also serves as a means to determine the robustness of the spin Hall effect in SrIrO 3 to large, stray external magnetic fields. Since the direction of the exchange field from the permalloy can be arbitrary, we examine the effects of the Zeeman field pointing along each one of the orthorhombic axes: { a, b, c}. As has been previously described, 29 the nodal ring undergoes different experiences depending on the direction of the external magnetic field. If the magnetic field is along the c axis, the chiral symmetry is broken and the nodal ring is gapped out (in addition to the two-fold degeneracy being broken due to broken time-reversal symmetry). If the magnetic field is along the b axis, the doubly degenerate nodal ring splits into two non-degenerate nodal rings shifted along the c axis. Finally, if the magnetic field is along the a axis, the nodal ring is replaced by 3D Dirac nodes (which are not symmetry protected). Below we present the impact of the nodal ring calculation on the σ y zx component in Fig.  18 .
The spin Hall conductivity is stable to the introduction of magnetic fields along the a and b axes. A magnetic field along the c axis does not change the spin Hall conductivity substantially for all Fermi levels except near the zero energy level. In particular, at the zero energy level, σ y zx increases by about an order of magnitude. To discern the cause for this, we once again examine the momentumresolved SHC at the zero Fermi level in Fig. 19 . There appear to be new features that develop throughout the Brillouin zone (rings around the U and T points, as well as a circular loop about the zone centre) that lead this large change in the spin Hall conductivity. Although this increase is very promising, one should recall again that in a realistic system the exchange field is localized near the boundary. Nevertheless, one can still appreciate that the spin Hall conductivity is stable to such large magnetic fields for most of the Fermi levels (except near the zero energy level). Near the zero energy level, these results suggest that the exchange field can indeed induce a large change in the spin Hall conductivity. 
